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Abstract
We exhibit crossed modules (i.e. certain 4 term exact sequences) corre-
sponding to the Godbillon-Vey generator forW1, V ect(S
1) and V ect1,0(Σ).
Introduction
There is a well known correspondence in homological algebra between (equiva-
lence classes of) exact sequences Λ-modules, starting inM and ending in N with
nmodules in between, and elements of ExtnΛ(N,M). For Λ = U(g) the universal
enveloping algebra of a Lie algebra g, this gives for example a correspondence
between H2(g, V ) and short eaxct sequences
0→ V → gˆ = V × g→ g→ 0
where gˆ is the semi-direct product of the abelian Lie algebra V and g. The
Lie algebra law on gˆ is given by a 2-cocycle of g with values in V . Note that
the short exact sequence in uniquely determined on the vector space level by V
and g.
In the same way, there is a correspondence between H3(g, V ) and certain
4 term exact sequences called crossed modules. In these sequences, only the
first and the last term are specified, leaving (du to exactness) a choice of one
g-module to complete the sequence.
In this article, we exhibit crossed modules corresponding to the Godbillon-
Vey 3-cocycle for W1, V ect(S
1) and the 2-dimensional analogue of V ect(S1)
V ect0,1(Σ) (or V ect1,0(Σ)), Σ being a compact Riemann surface.
Acknoledgements
The author thanks J.-L. Loday for his question stimulating the present article
and C. Kassel for making him aware of reference [6].
1
1 Crossed modules
In the same way as extensions, i.e. 3 term exact sequences, are related to Lie
algebra cohomology in degree 2, crossed modules [6] [5], i.e. certain 4 term exact
sequences, correspond to cohomology in degree 3.
Definition 1 A crossed module of a Lie algebra is a homomorphism of Lie
algebras µ : m → n together with a n-module structure η on m such that
(a) µ(η(n) ·m) = [n, µ(m)] for all n ∈ n and all m ∈ m,
(b) η(µ(m)) ·m′ = [m,m′] for all m,m′ ∈ m.
One shows that ker(µ) =: V is an abelian Lie algebra and that the action
of n on m induces a structure of a g := coker(µ)-module on V . Note that in
general m and n are not g-modules.
An equivalence of crossed modules is defined in a natural way such that the
restrictions of the maps on the kernel and the cokernel of µ are identical. Let
us denote by crmod(g, V ) the set of equivalence classes of crossed modules. We
have then the fundamental correspondence [6] theorem A.2, p. 138,
crmod(g, V ) ∼= H3(g, V ). (1)
Let us briefly review how to associate to a crossed module a 3 cocycle of g
with values in V :
The exact sequence associated to a crossed module reads as follows:
0→ V
i
→ m
µ
→ n
pi
→ g → 0
The first step is to take a (continuous) section σ of π and to calculate the
default of σ to be a Lie algebra homomorphism, i.e.
α(x1, x2) := σ([x1, x2])− [σ(x1), σ(x2)].
We have obviously π ◦ α(x1, x2) = 0, because π is a Lie algebra homomor-
phism, so α(x1, x2) ∈ im(µ) = ker(π). This means that there is a β(x1, x2) ∈ m
such that
µ(β(x1, x2)) = α(x1, x2).
Now, one can easily calculate that µ(dβ(x1, x2, x3)) = 0 where d is the Lie
algebra cohomology boundary of cohomology of g with values in m where g acts
on m by η ◦ σ.
This means that dβ(x1, x2, x3) ∈ ker(µ) = im(i) = V , i.e. there is a
γ(x1, x2, x3) ∈ V such that dβ(x1, x2, x3) = i(γ(x1, x2, x3)). It is fairly obvious
that γ is a 3-cocycle of g with values in V .
2 A crossed module giving θ ∈ H3(W1)
In the following, we want to exhibit the 4 term exact sequence related to the
Godbillon-Vey class in H3(W1,R).
Recall that there is a semi-direct product ofW1 by its module of λ-densities.
It is represented by a short exact sequence
2
0→ Fλ → Fλ ×W1 →W1 → 0,
where the Lie algebra structure on the product is given by
[(f, a), (g, b)] = ([f, g], Lfb− Lga+ c(f, g)).
Here, c is a 2-cocycle of W1 with values in Fλ, the module of λ-densities on
the line R. We take λ = 1 and
c(f, g) =
∣∣∣∣ f
′ g′
f ′′ g′′
∣∣∣∣ .
Now consider the short exact sequence of W1-modules
0→ R→ F0
d
→ F1 → 0
Since W1 acts by the Lie derivative LX = d ◦ iX + iX ◦ d on the density
modules, the action commutes with the exterior differential d.
We can glue these 2 sequences together to get
0→ R→ F0
d
→ F1 ×W1 →W1 → 0, (2)
d is trivially a Lie algebra homomorphism from the abelian Lie algebra F0
to the semidirect product F1 ×W1. There is an action of F1 ×W1 on F0: it is
given by the action of W1 on F0. It gives a structure of a crossed module to the
sequence (2). The second compatibility condition is trivial. The first one reads
d((f, a) · b) = [(f, a), db]
The left hand side is just d(Lfb) = d ◦ if d
dt
◦ db. The right hand side gives
(0, Lf(db)) and commutation of d and Lf shows condition (a). In conclusion,
the 4 term exact sequence gives a crossed module. We claim that the crossed
module corresponds to the Godbillon-Vey class via the isomorphism (1).
In fact, this is easy: one just has to move up the arrows in the wrong
direction. First, one has to choose a section of the arrow F1 ×W1 → W1. But
calculating the default of this section to be a Lie algebra map just gives the
cocycle of the semi-direct product. Then we have to move up the de Rham
differential d, i.e. we have to choose a primitive. Afterwards, we have to take
the Lie algebra coboundary. So, if we denote by a hat the primitive, we have to
calculate
d(cˆ)(f, g, h) = d(
̂
∣∣∣∣ −
′ −′
−′′ −′′
∣∣∣∣)(f, g, h).
But it is obvious that the Lie algebra coboundary commutes with taking the
primitive. Furthermore, it is well known that we have the following relation
d(
∣∣∣∣ −
′ −′
−′′ −′′
∣∣∣∣)(f, g, h) =


∣∣∣∣∣∣
f g h
f ′ g′ h′
f ′′ g′′ h′′
∣∣∣∣∣∣


′
3
This expresses that fact that the Gelfand-Fuks cocycle is obtained from the
Godbillon-Vey cocycle by “integration over the manifold” (and is easily checked
directly).
Thus, we can choose the primitive such that the 3-cocycle associated to the
above 4 term exact sequence is the Godbillon-Vey cocycle which is the generator
of H3(W1,R).
Remarks:
1) This reasoning also shows that H2(W1, F1) which is known to be 1-
dimensional (consequence of Goncharova’s theorem, cf [2] p. 120), is generated
by the cocycle
c(f, g) =
∣∣∣∣ f
′ g′
f ′′ g′′
∣∣∣∣ dx.
2) We owe to C. Roger the remark that the crossed module is obtained
under Yoneda product Ext1U(W1)(F1,R)×Ext
1
U(W1)
(R, F1)→ Ext
2
U(W1)
(R,R) ∼=
H3(W1,R). This possibility bears perhaps deep homological properties.
3 A crossed module giving θ ∈ H3(V ect(S1),C)
Now we want to generalize the preceeding situation to the circle. There is an
obvious problem to do so: the sequence
0→ C→ F0
d
→ F1 → 0
where F0 = C
∞(S1) and F1 = Ω
1(S1) is not exact, but has a cokernel
H1(S1,C) = C.
In order to get around this problem, let us recall some evident, but somewhat
strange facts:
There is a chain of inclusions of Lie algebras
W
pol
1 →֒ V ect(S
1) →֒ V ect(R)
Here, W pol1 =
⊕
n≥−1Cx
n+1 d
dx
is the Lie algebra of (complexified) polyno-
mial vector fields on the line, V ect(S1) = ̂
⊕
n∈Z Ce
int d
dt
is the Lie algebra of
complexified vector fields on the circle (the hat meaning that eint d
dt
for n ∈ Z is
a topological basis, because periodic functions can be approximated by Fourier
polynomials), and V ect(R) = {f(x) d
dx
| f ∈ C∞(R,C)} is the Lie algebra of
complexified vector fields on the real line R.
The maps xn+1 d
dx
7→ −ieint d
dt
(i.e. one sets x = eit) and f(t) d
dt
7→ f˜(x) d
dx
(where the field f(t) d
dt
is lifted to the universal covering to the unique 1-periodic
field f˜(x) d
dx
) are easily seen to be Lie algebra homomorphisms.
The strange fact is that W pol1 and V ect(R) have the same continuous coho-
mology, but V ect(S1) does not. This is elucidated by the fact that the isomor-
phism in cohomology between W pol1 and V ect(R) is not induced by the above
inclusion, but by the “Taylor expansion at 0”-map V ect(R)→W pol1 (which is a
continuous surjection of Fre´chet spaces by Borel’s lemma). One sees that W pol1
4
and V ect(R) correspond to the 2 ways of associating R to S1: as its tangent
space, or as its universal covering.
I recall all this just to motivate the fact that V ect(S1) acts on Fλ (the λ-
densities on R) and W pol1 acts on Fλ (the λ-densities on S
1). In the first case,
we embed V ect(S1) into V ect(R), and in the second case, we embed W pol1 into
V ect(S1).
This gives us the possibility to consider the exact sequence
0→ R→ F0
d
→ F1 × V ect(S
1)→ V ect(S1)→ 0.
By the same arguments as above, this is a crossed module giving the Godbillon-
Vey cocycle.
4 A crossed module giving θ ∈ H3(V ect1,0(Σ),C)
Now, let us recall that H3(V ect1,0(Σ),C), where V ect1,0(Σ) is the Lie algebra
of differentiable vector fields of type (1, 0) (i.e. locally, such a field is written
f(z, z¯) ∂
∂z
) on a compact Riemann surface Σ, is also of dimension 1 and generated
by a Godbillon-Vey type cocycle, see [1], [8]. This cocycle is the integral over Σ
over a determinant as in the usual Godbillon-Vey cocycle, all derivatives being
with respect to z.
We propose a crossed module corresponding to this generator.
There are two obvious problems: first of all, there is the same problem as in
the preceeding section, so we have to lift our fields to the universal covering, and
second, there is the problem that the derivatives involved are only ∂, instead of
being d = ∂ + ∂¯. For the second problem, we define a new action of V ect1,0(Σ)
on
⊕
i=0,1Ω
i,0(Σ) by the modified Cartan formula:
LXω = iX ◦ ∂ + ∂ ◦ iX .
This means explicitly
LXω =
{
iX(∂(ω)) if deg(ω) = 0
∂(iX(ω)) if deg(ω) = 1
One calculates easily that this defines a Lie algebra action of V ect1,0(Σ) on⊕
i=0,1 Ω
i,0(Σ) and that
0→ C→ Ω0,0(Σ)
∂
→ Ω1,0(Σ)
is an exact sequence of V ect1,0(Σ)-modules, unfortunately the last map is
not surjective. Now, let us lift these modules to the universal covering:
Suppose g > 0 in order to have as the universal covering of Σ either C or
H, and let U denote C in case the genus is 1 and H in case the genus is greater
than 1. We have a short exact sequence of V ect1,0(Σ)-modules
0→ C→ Ω0,0(U)
∂
→ Ω1,0(U)→ 0
Now we can form the 4 term exact sequence
5
0→ C→ Ω0,0(U)
∂
→ Ω1,0(U)× V ect1,0(Σ)→ V ect1,0(Σ)→ 0
This sequence gives obviously by the same arguments as before a crossed
module with corresponding 3-cohomology class represented by the Godbillon-
Vey cocycle.
Note that the same construction works for the Lie algebra of holomorphic
vector fields on an open Riemann surface Hol(Σr) where Σr = Σ \ {p1, . . . , pr}
acting on the module of holomorphic λ-densities Fλ(Σr) by the modified Cartan
formula. This gives a crossed module describing H3(Hol(Σr),C) which is also
known to be 1-dimensional [4].
References
[1] Feigin, B. L.: Conformal field theory and Cohomologies of the Lie algebra
of holomorphic vector fields on a complex curve. Proc. ICM, Kyoto, Japan,
71-85 (1990)
[2] Fuks, D. B.:Cohomology of Infinite Dimensional Lie algebras. New York
and London: Consultant Bureau 1986
[3] Gelfand, I. M., Fuks, D. B.: Cohomologies of Lie Algebra of Tangential
Vector Fields of a Smooth Manifold. Funct. Ana. and its Appl. 3 (1969)
194-210
[4] Kawazumi, N.: On the Complex Analytic Gel’fand-Fuks Cohomology of
Open Riemann Surfaces. Ann. Inst. Fourier, Grenoble 43 3 (1993) 655–712
[5] Loday, J.-L.: Cyclic Homology. Springer Grundlehren 301 1991
[6] Loday, J.-L., Kassel, C.: Extensions centrales d’alge`bres de Lie. Ann. Inst.
Fourier, Grenoble 32, 4 (1982) 119–142
[7] Wagemann, F.: Differential Graded Cohomology and Lie Algebras of Holo-
morphic Vector Fields. Comm. Math. Phys. 208 (1999) 521–540
[8] Wagemann, F.: A Two Dimensional Analogue of the Virasoro Algebra. to
appear in J. Geo. Phys.
6
